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Abstract
We prove under the assumption of Martin’s Axiom that an abstract Abelian group G of
non-measurable cardinality is the intersection of countably compact subgroups of its Bohr
compactification bG. This result is used to show that weakly free countably compact topological
groups do not exist, thus answering a question posed by Comfort and van Mill in 1988. In fact, we
show under MA that a free (P,CC)-group over a space X exists iff X is empty, where P and CC are
the classes of pseudocompact and countably compact topological groups, respectively. On the other
hand, we prove the existence of a weakly free (P,CC)-group over an arbitrary space X and show that
our construction of such a group is functorial. Similar results remain valid in the Abelian case.
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1. Introduction
The proof of the existence of free topological groups given by Kakutani in [17] makes
the use of two basic operations on topological groups: direct products and taking closed
subgroups. Therefore, if V is a class of topological groups closed with respect to these
operations, one immediately defines the free V-group G = F(X,V) over a Tychonoff
space X and a continuous map iX :X → G such that G ∈ V and every continuous
map f :X → H to a group H ∈ V uniquely “extends” to a continuous homomorphism
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f˜ :G→H such that f = f˜ ◦ iX. It is well known that iX(X) generates a dense subgroup
of F(X,V), and if continuous maps of X to the groups from V separate points and closed
sets in X (this is always the case if the circle group T is in V), then iX is a topological
embedding of X to F(X,V) [18].
If, however, a given class V of topological groups fails to be closed with respect to one of
the two basic operations, the existence of free V-groups is far from being clear. Motivated
by this difficulty, Comfort and van Mill posed in [5] the following general problem. Let U
and V be two classes of topological groups and X be a Tychonoff space. Does there exist a
topological group G= F(X,U,V) ∈ U containing a topological copy of X such that every
continuous function f :X→H to a group H ∈ V has a unique extension to a continuous
group homomorphism f˜ :G→H ? The group F(X,U,V) ∈ U (when exists) is called the
free (U,V)-group over X. If the extension f˜ :G→ H is not required to be unique, we
obtain the definition of a weakly free topological group Fw(X,U,V) over X. In the case
U = V , we simply speak of a (weakly) free U -group over X.
Denote by C,CC and P the classes of compact, countably compact and pseudocompact
topological groups, respectively. If A is the class of all Abelian topological groups, we
also put CA= C ∩A,CCA= CC ∩A and PA= P ∩A. It was established in [5] that for
every Tychonoff space X, there exists a group F(X,PA,CA) that contains X as a closed
subspace (in contrast with the case of the free topological group F(X) over X, the group
F(X,U,V) may be not determined up to a topological isomorphism, see [5, 6.3]). Comfort
and van Mill also proved in [5] that a non-empty Tychonoff space never admits a free PA-
group. Then, independently, Fokking [15] and the author [21] strengthened this result by
showing that both the weakly free P- and PA-group on a Tychonoff space X exist if and
only if X is empty.
The main open problem since then has been the existence of free CCA-groups [5, 6.2(a)].
The class of countably compact groups contains closed subgroups, but it is an open problem
as to whether there exist in ZFC two countably compact groups G and H whose product
is not countably compact [1,3]. All known constructions of such pairs of groups depend
on the Continuum Hypothesis CH or (a weak form of) Martin’s Axiom MA [12,16,23,
24]. Therefore, if there were a model of ZFC in which the class of countably compact
groups is productive, this model would clearly admit the free CC-group and the free CCA-
group for every Tychonoff space X. We show, however, that under MA, neither the free
CCA-group nor a weakly free CCA-group over a non-empty space X exists (Theorem 4.2).
Nevertheless, we construct a weakly free (PA,CCA)-group and a weakly (P,CC)-group
for every Tychonoff space X and show that our constructions are functorial (Theorem 3.2).
The non-existence results in Section 4 essentially depend on the technique that enables
us to represent certain precompact Abelian groups G as the intersection of countably
compact subgroups of G, the completion of G. To this end, in Section 2 we develop some
ideas from [11,4] and show that under MA, every Abelian group G of non-measurable
cardinality is the intersection of some family of countably compact subgroups of its Bohr
compactification bG (see Theorem 2.5). At the same time, we strengthen the main result
of [11] by proving that if C is the minimal variety of Abelian topological groups containing
all countably compact groups and closed with respect to products, taking closed subgroups
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and continuous isomorphic images, then C contains all precompact Abelian groups of
non-measurable cardinality (Theorem 2.3). Again, this result requires MA. We conclude
therefore that under MA, direct products of countably compact topological groups contain
arbitrarily “bad” closed subgroups in the sense that every precompact Abelian group of
non-measurable cardinality is a continuous isomorphic image of such a subgroup.
Clearly, an arbitrary subgroup of a direct product Π of countably compact groups is
precompact. It is worth to mention that closed subgroups of Π have an additional property:
they are sequentially complete (see Section 5). A tempting hypothesis is that under MA,
every precompact sequentially complete (Abelian) group of non-measurable cardinality
can be embedded as a closed subgroup into a direct product of countably compact (Abelian)
groups (cf. Problem 5.6). The articles [10,11] contain more information about sequentially
complete groups.
1.1. Notation and terminology
In what follows all topological groups are assumed to be Hausdorff. We consider only
Tychonoff spaces. If X is a subset of a group G, then 〈X〉 stands for the subgroup of G
generated by X. The circle group with the usual compact group topology is denoted by T.
A topological group G is precompact if it can be covered by finitely many translates of
every neighborhood of the identity. The group G is pseudocompact if every continuous
real-valued function on G is bounded, and G is countably compact if every infinite
subset of G has an accumulation point in G. Clearly, countably compact groups are
pseudocompact and every pseudocompact group is precompact (see [7, Theorem 1.1]).
We shall also use the well-known fact that every precompact group G can be embedded
as a dense subgroup to a compact topological group G (Weil’s theorem). The compact
group G is called the completion of G.
If G is an abstract Abelian group, then we follow van Douwen’s [13] and denote by G#
the underlying group G endowed with the maximal precompact group topology generated
by the family of all homomorphisms χ :G→ T. The completion of the precompact group
G# is called the Bohr compactification of G and is denoted by bG. Therefore, G# is a
dense subgroup of the compact group bG.
2. Intersections of countably compact subgroups of a group
Let C be the minimal class of Abelian topological groups which contains all Abelian
countably compact groups and is closed with respect to taking direct products, closed
subgroups and continuous isomorphic images. By [11, Theorem 2.7], MA implies that
every precompact Abelian group G with |G|  2ω is in C. First, we extend this result to
all precompact Abelian groups of non-measurable cardinality. For this purpose, we need
a pair of preliminary results that are of some interest in their own right. The first of them
can be obtained by combining several facts from [4,2] (in fact, it appears in the proof of
Theorem 3.3 in [4]). To ease the reader’s job, we formulate and prove it here.
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Lemma 2.1. Let bH be the Bohr compactification of a discrete Abelian group H of non-
measurable cardinality. Then bH\H is the union of closed Gδ-sets in bH .
Proof. Suppose that X is a space and Y ⊆ X. We say that a point x ∈ X is in the Gδ-
closure of Y if every non-empty Gδ-set in X containing x intersects Y .
By [4, Theorem 3.3], the dense subgroup H of bH (which is topologically isomorphic
to H #) is realcompact. We now need the following weak form of [2, Theorem 1.3]: if Y
is a dense subspace of a compact group K , then Y is C-embedded in the Gδ-closure of Y
in K . Therefore, no point x ∈ bH\H belongs to the Gδ-closure of H in bH . ✷
Our second auxiliary result does not depend on Martin’s Axiom either.
Theorem 2.2. Let G be a discrete Abelian group. The group G# is topologically
isomorphic to a closed subgroup of a direct product of second countable precompact
Abelian groups if and only if G has a non-measurable cardinality.
Proof. First, we suppose that the group G has non-measurable cardinality. Consider the
family H of all continuous homomorphisms homomorphisms h :bG→ H onto second
countable groups H , where bG is the Bohr compactification of the group G. Let H =
{hi : i ∈ I } be an enumeration of H. For every i ∈ I , put Hi = hi(bG) and Ki = hi(G).
Denote by h the diagonal product of the homomorphisms hi ’s. Then h :bG→∏i∈I Hi is
a topological isomorphism of bG onto the subgroup h(bG) of
∏
i∈I Hi . In particular, G
and h(G) are topologically isomorphic. It remains to show that h(G) is closed in
∏
i∈I Ki .
Since the group bG is compact, it suffices to verify the equality
h(G)= h(bG)∩
∏
i∈I
Ki . (∗)
The inclusion h(G) ⊆ h(bG) ∩∏i∈I Ki is obvious. Suppose now that x ∈ bG\G. By
assumption, |G| is not measurable, so Lemma 2.1 implies that for every point x ∈ bG\G,
there exists a Gδ-set Fx in bG such that x ∈ Fx ⊆ bG\G. Let g :bG → [0,1] be a
continuous function such that x ∈ g−1(0) ⊆ Fx . Clearly, 0 = g(x) /∈ g(G). Apply [19,
Lemma 2.4] or [20, Theorem 3.8] to find a continuous homomorphism ϕ :bG → H
onto a second countable group H and a continuous real-valued function f on H such
that g = f ◦ ϕ. Then clearly ϕ(x) /∈ ϕ(G). By definition of H, there exists j ∈ I such
that ϕ = hj and H = Hj . Let πj :∏i∈I Hi → Hj be the projection. From the equality
hj = πj ◦ h it follows that πj (h(x)) = hj (x) /∈ hj (G) = Kj , whence h(x) /∈∏i∈I Ki .
This proves the inclusion h(bG)∩∏i∈I Ki ⊆ h(G) and the equality (∗).
Conversely, suppose that G# is topologically isomorphic to a closed subgroup of a direct
product of second countable topological groups. Then G# is realcompact, and hence the
cardinality of G is non-measurable by [4, Theorem 3.3]. This finishes the proof. ✷
Note that the above result implies Theorem 3.3 of [4]: if G is a discrete Abelian group,
then the group G# is realcompact if and only if G has a non-measurable cardinality. It is
not surprising, therefore, that our proof of Theorem 2.2 essentially leans on it.
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Theorem 2.3 [MA]. Every precompact Abelian group of non-measurable cardinality is
in C.
Proof. Let G be a precompact Abelian group of non-measurable cardinality. Then the
identity map id :G# →G is a continuous isomorphism, so it suffices to verify that G# is
topologically isomorphic to a closed subgroup of a direct product of countably compact
Abelian groups. To this end, use Theorem 2.2 to identify G# with a closed subgroup of
a direct product
∏
i∈I Ki of second countable precompact Abelian groups Ki . By [11,
Theorem 2.7], each group Ki is in C. Therefore, G# ∈ C. ✷
The above theorem also follows from the result presented below: under MA, every
abstract Abelian group G of non-measurable cardinality can be represented as the
intersection of some family of countably compact subgroups of its Bohr compactification
bG (see Theorem 2.5). This requires a lemma that was actually established in the proof
of [11, Theorem 2.7]:
Lemma 2.4 [MA]. If C is a precompact Abelian group of countable weight, then there
exists a precompact Abelian group D which admits a continuous isomorphism ϕ :D→ C
and such that its completion D contains a family {Kα: α < 2ω} of countably compact
subgroups with the property D =⋂{Kα : α < 2ω}.
The next theorem will be applied in Section 4 to prove the fact that weakly free CCA-
groups do not exist (see Corollary 4.4).
Theorem 2.5 [MA]. Let H be an abstract Abelian group of non-measurable cardinality.
Then there exists a family H of countably compact subgroups of bH such that H # =⋂H.
Proof. It suffices to consider the case |H | ω. Denote by F the family (in fact, the proper
class) of all continuous homomorphisms of bH onto second countable topological groups.
Since there are at most 2ω topologically non-isomorphic compact second countable groups,
we can assume that |F |  2|H |. For every homomorphism p :bH → Cp with p ∈ F ,
apply Lemma 2.4 to find a precompact Abelian group Dp , a continuous isomorphism
ϕp :Dp → p(H) and a family Dp of countably compact subgroups of Dp such that
Dp =⋂Dp . Since the groups p(H) and Dp are algebraically isomorphic, there exists
a homomorphism ψp :H →Dp such that ϕp ◦ψp = p|H . The group H inherits from bH
the maximal precompact group topology, so that the homomorphismψp is continuous. Let
ϕ˜p :Dp → Cp and ψ˜p :bH → Dp be continuous homomorphisms extending ϕp and
ψp , respectively. Since H is dense in bH , from ϕp ◦ψp = p|H it follows that ϕ˜p ◦ ψ˜p = p.
Let
H= {ψ˜−1p (K): p ∈F , K ∈Dp}.
Then every element of H is a countably compact subgroup of bH [6, Lemma 3.1], and we
claim that H =⋂H. Indeed, for every p ∈F , we have⋂{
ψ˜−1p (K): K ∈Dp
}= ψ˜−1p (Dp)= ψ˜−1p ψ˜p(H)=H · ker ψ˜p ⊆H · kerp.
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So, it remains to show that
H =
⋂
p∈F
H · kerp.
Let x ∈ bH\H be arbitrary. By Lemma 2.1, there exists a closed Gδ-set F in bH such
that x ∈ F ⊆ bH\H . Let f :bH → R be a continuous function such that F = f−1(0).
Apply [20, Theorem 3.8] to find a continuous homomorphism p :bH → C to a second
countable group C and a continuous function g :C → R such that f = g ◦ p. Clearly,
p ∈ F and F = p−1p(F). From F ∩H = ∅ it follows that p(H)∩ p(F)= ∅. Therefore,
p−1p(H) ∩ p−1p(F) = ∅ or, equivalently, H · kerp ∩ F = ∅. This proves that x /∈
H · kerp. Since x ∈ bH\H is arbitrary, we conclude that H =⋂p∈F H · kerp. ✷
3. The existence of weakly free (PA,CCA)-groups
To pursue the systematic study of free (U,V)-groups, we present the exact definitions
introduced by Comfort and van Mill in [5]. Suppose that U and V are two non-empty
classes of topological groups and X is a space.
Definition 3.1.
(1) A topological group G = F(X,U,V) is called a free (U,V)-group over X if
G ∈ U,G contains X as a subspace and every continuous map f of X to a group
H ∈ V uniquely extends to a continuous homomorphism f˜ :G→H .
(2) A topological group G= Fw(X,U,V) is called a weakly free (U,V)-group over X
if G ∈ U , G contains X as a subspace and every continuous map f of X to a group
H ∈ V extends to a continuous homomorphism f˜ :G→H .
Clearly, every free (U,V)-group is a weakly free (U,V)-group. In case U = V we shall
simply speak of the free U -group F(X,U) and the weakly free U -group Fw(X,U) over
X, respectively. A space X can generate different free (U,V)-groups [5, 6.3]. So, in strict
terms, we cannot use the symbols F(X,U,V) and Fw(X,U,V) for our purpose; instead,
it is better to write G= F(X,U,V) or G= Fw(X,U,V) once we have an embedding of
X to a topological group G that satisfies (1) or (2) of Definition 3.1, respectively.
Let us denote by P the category that contains the groups from P as objects and whose
morphisms are continuous homomorphisms of the groups in P . The definition of the
category PA is now evident.
Theorem 3.2. There exists a covariant functor η from the category TYCH of Tychonoff
spaces to the category P of pseudocompact groups such that η(X) = Fw(X,P,CC) for
each space X. Similarly, there exists a covariant functor ηA: TYCH → PA such that
ηA(X)= Fw(X,PA,CCA) for each X.
Proof. Our argument resembles Kakutani’s proof of the existence of free topological
groups [17]. We prove only the first claim of the theorem because the changes for the
Abelian case are evident.
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Let F be the class of all continuous maps of a given non-empty space X to countably
compact groups of cardinality less than or equal to τ = (|X| · ω)ω . If f1 :X → G1 and
f2 :X → G2 are two maps from F , we say that f1 and f2 are equivalent, in symbols
f1 ∼ f2, if there exists a topological isomorphism ϕ :G1 → G2 such that f2 = ϕ ◦ f1.
Then the equivalence classes F/∼ form a set of cardinality not greater than 22τ . Choose
one element from each class of equivalence, and let {fi : i ∈ I } be the set of chosen
representatives. Then fi :X → Gi is a continuous map of X to a countably compact
group Gi of cardinality  τ for each i ∈ I . Let us define η(X) =∏i∈I Gi . Denote by
eX the diagonal product of the family {fi : i ∈ I }. Since the circle group T is compact and
|T| = 2ω  τ , we conclude that eX is a homeomorphic embedding ofX to η(X), and hence
one can identify X with its image eX(X). In addition, each group Gi is pseudocompact
(being countably compact), so the product η(X) = ∏i∈I Gi is pseudocompact by the
Comfort–Ross theorem [8]. Let us show that η(X)= Fw(X,P,CC).
Suppose that f :X → G is a continuous map of X to a countably compact group G.
Then f (X) is contained in a countably compact subgroup H of G that satisfies
|H | (∣∣f (X)∣∣ ·ω)ω  (|X| ·ω)ω = τ
(see [9, Corollary 1.2]). Therefore, the map f :X→H is equivalent to fi for some i ∈ I ,
and hence there exists a topological isomorphism ϕ :H →Gi such that ϕ ◦f = fi . Denote
by πi the projection of η(X) to Gi . From our definition of eX it follows that πi ◦ eX = fi ,
whence ϕ ◦ f = πi ◦ eX .
X
eX
f
fi
η(X)
πi
H
ϕ
Gi
Since X is identified with its image eX(X) ⊆ η(X), the homomorphism f˜ = ϕ−1 ◦ πi of
η(X) to the subgroup H of G is a continuous extension of the map f . This proves that
η(X)= Fw(X,P,CC).
Let f :X → Y be a continuous map. We now show that there exists a continuous
homomorphism η(f ) :η(X)→ η(Y ). Suppose that {gi : i ∈ I } and {hj : j ∈ J } are the
families of representatives for the equivalence classes FX/∼ and FY /∼ of all continuous
maps of X and Y , respectively, to countably compact groups such that η(X) =∏i∈I Gi
and η(Y ) =∏j∈J Hj . Here gi :X→ Gi and hj :Y → Hj for every i ∈ I and j ∈ J . If
j ∈ J , the map hj ◦ f :X→ Hj is equivalent to gi for some i ∈ I , and we put i = r(j).
This defines an injection r :J → I . By definition of r , for every j ∈ J there exists a
topological isomorphism ϕj :Hj → Gr(j) such that ϕj ◦ hj ◦ f = gr(j). Put I0 = r(J )
and Π =∏i∈I0 Gi . Then the direct product Φ =
∏
j∈J ϕj is a topological isomorphism of
η(Y ) onto Π . It remains to put η(f )=Φ−1 ◦ π , where π is the projection of η(X) to Π .
Let us show that the restriction of η(f ) to X coincides with f . In strict terms, we have
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to show that the diagram below commutes, where the maps eX and eY are the diagonal
products of the families {gi : i ∈ I } and {hj : j ∈ J }, respectively.
X
eX
f
η(X)
η(f )
π
Y
eY η(Y ) Φ Π
In fact, the commutativity of the right part of the diagram immediately follows from our
definition of the homomorphism η(f ). So, we have to show only that eY ◦ f = η(f ) ◦ eX .
Since the right part of the diagram commutes and Φ is an isomorphism, this is equivalent
to the equality Φ ◦ eY ◦ f = π ◦ eX . In its turn, by definition of π , Φ , eX and eY , it
suffices to verify the latter equality coordinatewise. In other words, it suffices to show that
pi ◦Φ ◦eY ◦f = πi ◦eX for each i ∈ I0, where pi :Π →Gi is the projection. Suppose that
i ∈ I0 and i = r(j) for some j ∈ J . Recall that gi = ϕj ◦ hj ◦ f in view of the equivalence
gi ∼ f ◦ hj . In addition, since Φ is the direct product of the family {ϕj : j ∈ J }, the
equality pi ◦Φ = ϕj ◦*j holds, where *j :η(X)→Hj is the projection. It is also clear
that πi ◦ eX = gi and *j ◦ eY = hj . Therefore, we have
pi ◦Φ ◦ eY ◦ f = ϕj ◦*j ◦ eY ◦ f = ϕj ◦ hj ◦ f = gi = πi ◦ eX.
This proves the commutativity of the above diagram.
To finish the proof it suffices to verify that for continuous maps f :X→ Y and g :Y →
Z, one always has the equality η(g ◦f )= η(g)◦η(f ), that is, η is a covariant functor from
TYCH to P. A straightforward (but routine) verification of this fact is omitted. ✷
4. The non-existence results
We prove under MA that neither free (P,CC)-groups nor free (PA,CCA)-groups exist.
Then this result applies to deduce that weakly free CC-groups and CCA-groups do not exist
either.
A standard argument below shows that a free U -group over X is unique (if exists).
Proposition 4.1. Let U be a class of topological groups. If a free U -group G over a non-
empty space X exists, then it is unique up to a topological isomorphism fixing the points
of X. In addition, if the class U is closed with respect to taking closed subgroups, then X
generates a dense subgroup of G.
Proof. Suppose that G1 and G2 are free U -groups over a non-empty space X. The
identity map idX of X onto X considered as a map to the group G2 ⊇ X extends to a
continuous homomorphism ϕ1 :G1 →G2. Similarly, the map idX extends to a continuous
homomorphism ϕ2 :G2 → G1. Therefore, the composition ψ1 = ϕ2 ◦ ϕ1 is a continuous
homomorphism of G1 to itself whose restriction to X coincides with idX . By (1) of
Definition 3.1,ψ1 has to be the identity automorphism ofG1. In a similar way,ψ2 = ϕ1◦ϕ2
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is the identity automorphism of G2. This immediately implies that ϕ1 is a topological
isomorphism of G1 onto G2 which does not move the points of X.
Suppose now that the class U contains closed subgroups. Denote by H the closure of the
subgroup 〈X〉 of the free U -group G over X. Then X ⊆H ∈ U and every continuous map
f˜ :X→K to a group K ∈ U extends to a continuous homomorphism f˜ :H →K because
it extends to a continuous homomorphism of the larger group G to K . In other words, H
is a free U -group over X. By the first part of the proposition, H =G. ✷
If the classes U and V of topological groups are distinct, a space X may admit
distinct free (U,V)-groups over X [5]. However, the uniqueness condition in item (1)
of Definition 3.1 is very restrictive as the theorem below shows.
Theorem 4.2. Under Martin’s Axiom, a free (P,CCA)-group on a Tychonoff space X
exists iff X is empty.
Proof. Suppose to the contrary thatG is a free (P,CCA)-group over a non-empty spaceX.
Denote by g the constant map of X to Z, g(x) = 1 for each x ∈ X. Consider the
Bohr compactification bZ of Z, that is, the completion of the group Z#. Since the map
g :X→ Z# is continuous, it extends to a continuous homomorphism g˜ :G→ bZ. Clearly,
Z⊆ g˜(G), and hence the group G is infinite.
According to Theorem 2.5, there exists a family {Ki : i ∈ I } of countably compact
subgroups of bZ such that Z = ⋂i∈I Ki . For every i ∈ I , denote by fi the constant
map of X to Ki,fi(x) = 1 ∈ Z for all x ∈ X. Again, we can extend fi to a continuous
homomorphism f˜i :G → Ki . Since f˜i |X = fi = g = g˜|X, Ki ⊆ bZ and the extension
g˜ :G→ bZ of g is unique, we must have g˜(x)= f˜i (x) for each x ∈G, whence g˜(G)⊆Ki .
This inclusion holds for each i ∈ I , so that Z ⊆ g˜(G) ⊆ ⋂i∈I Ki = Z. Therefore, the
subgroup Z# of bZ is pseudocompact as a continuous image of the pseudocompact
group G. However, every infinite pseudocompact topological group has cardinality at least
2ω, which is a contradiction. ✷
Note that a free (P,CC)-group and a free (PA,CCA)-group are free (P,CCA)-groups.
This observation and Theorem 4.2 imply the following.
Corollary 4.3 [MA]. Neither a free (P,CC)-group nor a free (PA,CCA)-group exists
over a non-empty space X.
The above corollary enables us to show that weakly free CCA-groups do not exist either,
which answers Question 6.2 in [5] negatively.
Corollary 4.4 [MA]. A weakly free CC-group and a weakly free CCA-group over a
space X exist iff X is empty.
Proof. Suppose that G is a weakly free CC-group over a non-empty space X. Denote by
F the closure in G of the subgroup generated by X. We claim that F is a free CC-group
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over X. Indeed, the group F is countably compact and contains X as a subspace. Consider
a continuous map f :X→H to a countably compact group H . By assumption, f extends
to a continuous homomorphism f˜ :G→H . Denote by fˆ the restriction of f˜ to F . Then
the homomorphism fˆi :F →H is continuous. In addition, since X topologically generates
F , such an extension fˆ is unique. This implies that F is a free CC-group, hence a free
(P,CC)-group over X, thus contradicting Corollary 4.3. The argument in the Abelian case
is now evident. ✷
5. Open problems
The main problem in the background is to eliminate or weaken MA in Theorems 2.3,
2.5 and 4.2. Probably, it is too ambitious to pursue the elimination of MA from these
results since this would require a ZFC construction of a non countably compact product of
countably compact topological groups. We formulate therefore a restricted version of the
problem.
Problem 5.1. Which of Theorems 2.3, 2.5 and 4.2 remain valid under MAcountable?
Theorem 4.2 is in a sense a kind of a “negative” result. One can try, however, to find a
“positive” reason for its validity. The following question somehow explains this.
Problem 5.2. Suppose that a topological group G contains a subspace X such that
every continuous map f :X → C to an arbitrary countably compact Abelian group C
uniquely extends to a continuous homomorphism f˜ :G→ C. Does then every continuous
map g :X → K to a precompact Abelian group K admit an extension to a continuous
homomorphism g˜ :G→K?
If the answer to Problem 5.2 is affirmative, then it gives us another way to explain why
Theorem 4.2 holds: there are many precompact Abelian groups which contain a topological
copy of X but fail to be pseudocompact.
We recall that a subset Y of a spaceX is called sequentially closed in X if no sequence in
Y converges to a point in X\Y . A topological group G is said to be sequentially complete
if G is sequentially closed in its completion G [10].
Every Tychonoff space X admits a weakly free (PA,CCA)-group GX constructed in
the proof of Theorem 3.2. This group is sequentially complete being a direct product of
countably compact groups. We do not know, however, whether X is closed in GX :
Problem 5.3. IsX always (sequentially) closed in the weakly free (PA,CCA)-groupGX?
By Theorem 4.3 of [5], for every space X there exists a free (PA,CA)-group ξ(X) over
X such that X is closed in ξ(X) and the subgroup of ξ(X) generated by X is dense in
it. We do not know whether the group ξ(X) is sequentially complete or whether one can
M. Tkachenko / Topology and its Applications 125 (2002) 171–182 181
construct another free (PA,CA)-group ξ ′(X) over X with the same properties which will
additionally be sequentially complete.
Problem 5.4. Characterize the spaces X for which there exists a sequentially complete
free (PA,CA)-group G over X in which X is closed and generates a dense subgroup.
By Theorem 2.5, every Abelian group H of non-measurable cardinality (considered as
the subgroup of its Bohr compactification bH) is the intersection of all countably compact
subgroups of bH that containH . This fact suggests the idea to define and study the cardinal
invariant cc(H) as the minimal number of countably compact subgroups of bH whose
intersection gives H . One of many related questions is as follows:
Problem 5.5. Let H be a countably infinite Abelian group. Is it true, under MA, that
cc(H)= 2 or, equivalently, that there exist two countably compact subgroups K1 and K2
of bH such that H =K1 ∩K2?
We do not know whether an analog of the invariant cc(H) can be defined for “small”
sequentially complete precompact Abelian groups:
Problem 5.6. Let H be a sequentially complete precompact Abelian group of non-
measurable cardinality. Is H the intersection of all countably compact subgroups of its
completion H ? What if |H | 2ω?
It is known that the subgroup H # of bH is sequentially closed in bH for every Abelian
group H [14]. Therefore, if the answer to Problem 5.6 is “yes”, then Theorem 2.5 remains
valid for the considerably wider class of groups such as in the above problem.
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